Abstract. For w-legged antiferromagnetic spin-1/2 Heisenberg ladders, a long-range spin pairing order can be identified which enables the separation of the space spanned by finite-range (covalent) valence-bond configurations into w + 1 subspaces. Since every subspace has an equivalent counter subspace connected by translational symmetry, twofold degeneracy, breaking translational symmetry is found except for the subspace where the ground state of w=even belongs to. In terms of energy ordering, (non)degeneracy and the discontinuities introduced in the long-range spin pairing order by topological spin defects, the differences between even and odd ladders are explained in a general and systematic way.
Introduction
The discovery, about a decade ago, of high-Tc superconductivity [1] in lightly doped "two dimensional" antiferromagnets and materials (initially) supposed to contain coupled spin chains [2, 3, 4] , have generated a renewed interest on low dimensional quantum spin- ladders tems, namely they are gapless, with a doubly degenerate ground state, breaking translational symmetry [10, 13, 14] . Furthermore, spin defects are confined in ladders with w=even but they are not if w=odd. Numerical results [15] indicate that, in the infinite limit, the ground state of the two dimensional system, towards w=even and w=odd series must converge to, has long-range antiferromagnetic order and gapless excitations.
In this paper we will consider antiferromagnetic quantum spin- 
where S ni is the spin operator for spin on site ni, n indicating the rung and i the leg, and the J ni,mj are the exchange-coupling parameters. The J ni,mj are assumed to decrease very rapidly with distance, the nearest-neighbour Heisenberg Hamiltonian with isotropic J being the dominant part of H.
Since the ground state of such a Hamiltonian for a bipartite system with equal number of sites in the two parts is known to be a singlet [16] , resonating-valence-bond-type wave functions are defined in the space spanned by Mrange (covalent) valence-bond (VB) configurations, with arbitraryly large but finite M . We refer to this space as model space, H w . The reasonableness of H w is based on the fact that the dimer-covering configurations (or Kekulé structures [17] , as have always been termed in Resonance Theory) are the lowest-lying monoconfigurational singlets.
Thus, they provide a good zero-order picture. Then, on applying the Hamiltonian H, it can be noticed that the nearness of spin pairing tends to be preserved. When H is restricted to the isotropic nearest-neighbour spin-
Heisenberg Hamiltonian the shorter-range RVB picture should apply best for small even w, while w=odd or wide even w ladders are expected to require long-range RVB pictures [18, 19] . For instance, M -range RVB pictures neglect corrections lying higher than the M order in Perturbation
Theory and have to be considered with caution. Nevertheless, additional terms in the Hamiltonian, as frustration, are expected to stabilise the finite-range RVB wave functions with respect to other Néel-based ansätze (see [20] and references therein). In addition, there exist finiterange Heisenberg models for which short-range Kekulé structures are exact ground states and also short-range RVB ansätze certainly apply for so-called "bond-dimer" models (see, for instance, [21, 22, 23, 24, 25] ).
In order to separate the model space H w into nonmixing different subspaces, several attempts have been made to find associated topological quantum numbers.
For instance, the occurrence of a topological long-range order (LRO) was first discussed [26] to rationalise the ground-state instability to bond alternation in spin-1/2 linear Heisenberg chains. Simultaneously, this LRO has ladders 3 also been discussed in the context of applications to conjugated hydrocarbons [6, 7, 8, 27] . Latter, Klein et al. [28] and independently Thouless [29] introduced the gap or resonance parity, and Kivelson et al. [30] and Sutherland [31] , defined the winding number. These numbers allow the separation of the short-range VB states for odd-width strips in two subsets leading to degeneracy [32, 33] . The relation between topological LRO and winding numbers is given in Ref. [33] . Also, in Ref. [33] , a resonance quantum number , D n , which specifies the local (at boundary n) array of singlets, has been defined for VB systems with bipartitioning conditions. Still, arguments based on a topological
LRO have been applied to the qualitative analysis of distortions, excitations and their coupling for square-lattice strips [18] and, more quantitatively, to different polymers [34, 35] . More recently, simple topological effects in shortrange RVB were also predicated in Refs. [19, 36] for coupled Heisenberg Chains, based on numerical results from density matrix renormalization group (DMRG) techniques on clusters.
Our purpose in this paper is to show that for antiferromagnetic quantum spin- Configurations belonging to mutually different subspaces should differ repeatedly on each of the L rungs of the ladder. Then, they are asymptotically orthogonal, and never mix by applying a few-particle operator. Therefore, the ground state can be written as a weighted superposition of a non-orthogonal complete basis set of
In a bipartite system, sublattices A and B (starred) can be identified and a set of d N independent singlets can be constructed by pairing to a singlet each of the N/2
spins in A to a spin in B. We represent one of these spin- 
Dimer-covering model-space approximation
For any Kekulé structure, let us define P + n (P − n ) as the number of arrows pointing to the right (left) across a boundary, f n , lying midway between rungs n and n + 1 (see Fig. 2 ), and I n as the number of SP with both sites in the rung n,
where
If
) is the number of sites belonging to the intersection of rung n and sublattice A (B), it can be easily seen that
Choosing A and B sublattices according to
it can be written
Substracting Eqs. (5) and using Eqs. (7)
Defining the resonance quantum number D n at boundary f n as
we obtain Then a SPO parameter D ≡ D 0 can be associated to any dimer-covering configuration, so that
Since
D can take w + 1 different values,
and the (dimer-covering) model space can be partitioned in w + 1 subspaces, H w D , according to the value of D.
General formulation of the LR-SPO
The LR-SPO and D introduced above have been related, for the sake of simplicity, exclusively to dimer-covering configurations and to boundaries running parallel to rungs. Now we remove these restrictions. We will see that the shape of the boundaries limiting fragments of the ladder or the inclusion of long-range spin-pairings is irrelevant and that the LR-SPO can still be defined.
The dimer-covering model space is not invariant under the Hamiltonian operator. For instance, the XY terms,
, of the nearest-neighbour Heisenberg Hamiltonian acting on a Kekulé structure yield singlets with SP between sites up to 3 bonds apart (see Fig. 3 ). Then, as a first step, linearly independent singlets with 3-bondrange (3BR) SP should be incorporated into H w to go beyond the dimer-covering approximation. These 3BR-SP states allow sites in A-sublattice to be SP to sites in Bsublattice no more than 3 bonds apart. These states can be directly generated by the "re-coupling" [34, 35] Subtracting these two equations we obtain
with
Let us analyze F g n,n+p leg by leg. From Fig. 5 , it is readily seen that
where j is a positive integer with the restriction f 
Again it follows that a SPO parameter D g ≡ D g 0 can be associated to any VB configuration, so
The general order parameter D g can be related to the previous one, D, in a simple way. For simplicity, without loss of generality, let us consider the fragment F 0,2j limited by f g 0 and f 2j , j > 0. We select j in such a way that as f g 0 and f 2j do not intersect. I F is the number of SP with both sites in F 0,2j ; l F (r F ) is the number of arrows connecting
) is the number of sites belonging to the intersection of F 0,2j and sublattice A (B). Then
Subtracting these two equations
Using Eq. (19) we obtain
which is independent of j, provided it is not too small to prevent f g 0 and f 2j are intersecting. Thence, there is a one to one correspondence between allowed values of D g and D.
LR-SPO of eigenstates and degeneracy
So far, we have separated the model space in w + 1 subspaces. At this point we note that two singlets from different subspaces must be different repeatedly at every position along the ladder. Therefore, according to Pauling's island-counting technique [17, 39] , they are asymptotically orthogonal and non interacting via any interaction mediated by a few-particle operator. Then the matrix of the Hamiltonian asymptotically block-diagonalises, so configurations belonging to different subspaces do not mix in the configuration-interaction sense. Thus D may be taken 
Consequently, degeneracy is always expected to occur, except for D = 0 and w=even, i.e. b = 0.
Energy ordering
Within the dimer-covering approximation the resonance 
where C is a fitting parameter independent of the structure to some degree, and in particular presumed to be (at least asymptotically for large w) the same for all w-legged ladders. For energy-ordering purposes the value of C is irrelevant. Nevertheless, for the nearest-neighbour isotropic
Heisenberg model the value of C have been determined for a class of benzenoid hydrocarbons [6] (with C=0.5667) and for finite square-lattice fragments [38] (with C=0.75),
by fitting the logarithm of the Kekulé-structure count to the resonance energy calculated from an equally-weighted
Kekulé-structure wave function.
Arguments supporting Eq. (24) relay on the fact that the energy is an extensive magnitude, i.e. scales as the system size, while the number of Kekulé structures needs to scale exponentially with the system size. Then, C may be determined by fitting the logarithm of the Kekulé-structure count to better estimates to the energy than those used in Refs. [6] and [38] . As a first attempt to do so, we obtain C w =0.84, 1.0 and 0.93 appropriate for square-lattice strips with L → ∞ and w=2, 3 and 4, respectively, when the "exact" energy values of Table II in Ref. [38] have been used. The weighted average of them could be used as a rough estimate of C appropriate for the two-dimensional square lattice. Assuming that the error of 
Then, choosing boundaries parallel to rungs, Eqs. (14) be-
n+i (27) and the recurrence relation across the rung n with a topological spin defect on site ni is
If the order parameter to the left of the spin defect is D l , according to Eq. (11), the order parameter to the right of site ni, D r , will be
Then, a topological spin defect can be seen as a domain wall separating sectors with order parameters D l and D r .
Furthermore, since the subspaces D and b − D are degenerate, the energy per site associated to the sectors to the right and to the left of a spin defect located at the ni site will be degenerate if 
Results and discussion
Considering that w-legged (even) L → ∞ antiferromagnetic spin- We have shown that any (covalent) VB configuration exhibits a LR-SPO. This LR-SPO is characterised by a parameter D, which can take w + 1 different values, and allows to specify the local (at boundary) array of spinpairings penetrating the boundary n, for any n. The shape of the boundary selected to define D is quite arbitrary: it can go up and down, but it is self-avoiding and is not hitting any site, so it is able to break up the ladder in two (non-longitudinal) parts. When the boundary is chosen to be parallel to the rungs, the allowed values of D are: 
and the energy of the corresponding wave functions must be
Thus degeneracy is always predicted to occur, except for w=even and D = 0, irrespective of the details of any Hamiltonian preserving translational symmetry.
We have obtained the values of Λ wD of Sec. 3 for w ranging from one to twelve and D from b to (w + b)/2. Table 1 summarises the zero order resonance energies ε r (w, D), in units of C, calculated by using Eq. (25).
Since it is unlikely that the zero-order energies are drastically modified by the small corrections to the isotropic nearest-neighbour Heisenberg Hamiltonian, we expect an energy ordering
Therefore, for w=even, the ground state belongs to the non-degenerate D = 0 subspace, with
while, for w=odd, the ground-state manifold is spanned by Ψ 0 and Ψ 1 , which are eigenstates of H, but not of T .
The eigenstates Φ ± of the translation operator, are defined in the ground-state manifold,
so
with k = 0 and k = π. This RVB asymptotic degeneracy for w=odd is consistent with a very wide body of evidence.
It could be argued that the true ground state of the spin- (33) no longer holds. Therefore, either Ψ 0 or Ψ 1 will be lower in energy and completely dominate the wave function, leading to a spin-Peierls broken-symmetry ground state [26] .
The w → ∞ limit is obtained by fitting ε r (w, 0)/C by a power series in 1/w,
In Table 2 the values of ε r (∞, 0)/C, a 1 and a 2 are collected for both w=even and w=odd, along with their weighted average for ε r (∞, 0)/C. For the purpose of seeing how reasonable this simple model is, a value of C is needed. When C is fitted to dimer-covering estimates of the energy for square-lattice fragments, the value 0.75 is obtained [38] .
Using this value of C, the present simple model predicts an energy per site of ≈ −0.594 (in unit of J), in good agreement with the value −0.604 calculated at the same level by Liang, Doucot and Anderson [40] . When C is evaluated as the weighted average of the C w , w=2, 3 and 4, derived from the "exact" estimates of the energy of Zivkovic et al. is obtained, which also compares fairly well with the best estimate (−0.668) of Liang, Doucot and Anderson [40] .
We have shown that a topological spin defect, i.e. a non-paired site, can be seen as a domain wall separating two sectors of the ladder with order parameters D l and is not expected to be as important as to close the gap, at least for w=2 [38] . Nevertheles, within the scope of the present work it is not able to predict the energy order- the above discussion will not apply.
Conclusions
Identifying a LR-SPO and understanding energy ordering and degeneracy among RVB wave functions, as well as the discontinuities in the LR-SPO introduced by topological 
Dimer covering counting
Let us analyse from a local point of view the dimer-covering singlets. We can identify a dimer-covering local state, | e nI ), I ranging, according to which legs have an arrow across the f n boundary. The direction of any arrow is fixed by n and the leg number. Then, it can be seen that there A dimer-covering-counting matrix, T n , is defined as
Then, the number of dimer-covering states in a H
Since for any dimer-covering singlet
is a block-diagonal symmetric matrix that does not depend on n (apart from the direction of the arrows in the local states that it relates) we can omit the sub-index. For L → ∞, the highest eigenvalue Λ and (k, l * ). parameters from D = 0 to (w + b)/2, and the extrapolations to w → ∞ for the lowest lying subspace of both, the w=even and w=odd, series. 
